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WHAT THIS BOOK IS FOR

Students have generally found operations research a
difficult subject to understand and learn because of the broad
scope of the subject and the large number of complex
interrelationships in operations research practices. Despite the
publication of hundreds of textbooks in this field, each one
intended to provide an improvement over previous textbooks,
students continue to remain perplexed as a result of the
numerous conditions that must often be remembered and
correlated in solving a problem. Various possible interpretations
of terms used in operations research have also contributed to
much of the difficulties experienced by students.

In a study of the problem, REA found the following basic
reasons underlying students' difficulties with operations research
taught in schools:

(a) No systematic rules of analysis have been developed
which students may follow in a step-by-step manner to solve the
usual problems encountered. This results from the fact that the
numerous different conditions and principles which may be
involved in a problem, lead to many possible different methods of
solution. To prescribe a set of rules to be followed for each of
the possible wvariations, would involve an enormous number of
rules and steps to be searched through by students, and this
task would perhaps be more burdensome than solving the
problem directly with some accompanying trial and error to find
the correct solution route.

(b) Textbooks currently available will usually explain a
given principle in a few pages written by a professional who has
an insight in the subject matter that is not shared by students.
The explanations are often written in an abstract manner which
leaves the students confused as to the application of the
principle. The explanations given are not sufficiently detailed
and extensive to make the student aware of the wide range of
applications and different aspects of the principle being studied.

The numerous possible variations of principles and their
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applications are usually not discussed, and it is left for the
students to discover these for themselves while doing exercises.
Accordingly, the average student is expected to rediscover that
which has been long known and practiced, but not published or
explained extensively.

(c) The examples usually following the explanation of a
topic are too few in number and too simple to enable the student
to obtain a thorough grasp of the principles involved. The
explanations do not provide suffient basis to enable a student to
solve problems that may be subsequently assigned for homework
or given on examinations.

The examples are presented in abbreviated form which
leaves out much material between steps, and requires that
students derive the omitted material themselves. As a result,
students find the examples difficult to understand--contrary to

the purpose of the examples.
Examples are, furthermore, often worded in a confusing

manner. They do not state the problem and then present the
solution. Instead, they pass through a general discussion, never
revealing what is to be solved for.

Examples, also, do not always include diagrams/graphs,
wherever appropriate, and students do not obtain the training to
draw diagrams or graphs to simplify and organize their thinking.

(d) Students can learn the subject only by doing the
exercises themselves and reviewing them in class, to obtain
experience in applying the principles with their different
ramifications.

In doing the exercises by themselves, students find that
they are required to devote considerably more time to operations
research than to other subjects of comparable credits, because
they are uncertain with regard to the selection and application of
the theorems and principles involved. It is also often necessary
for students to discover those "tricks" not revealed in their
texts (or review books), that make it possible to solve problems
easily. Students must usually resort to methods of

trial-and-error to discover these "tricks", and as a result they
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find that they may sometimes spend several hours to solve a
single problem.

(e) When reviewing the exercises in classrooms, instructors
usually request students to take turns in writing solutions on
the board and explaining them to the class. Students often find
it difficult to explain in a manner that holds the interest of the
class, and enables the remaining students to follow the material
written on the boards. The remaining students seated in the
class are, furthermore, too occupied with copying the material
from the boards, to listen to the oral explanations and
concentrate on the methods of solution.

This book is intended to aid students in operations research
to overcome the difficulties described, by supplying detailed
illustrations of the solution methods which are usually not
apparent to students. The solution methods are illustrated by
problems selected from those that are most often assigned for
class work and given on examinations. The problems are
arranged in order of complexity to enable students to learn and
understand a particular topic by reviewing the problems in
sequence. The problems are illustrated with detailed step-by-
step explanations, to save the students the large amount of time
that is often needed to fill in the gaps that are usually found
between steps of illustrations in textbooks or review/outline
books.

The staff of REA considers operations research a subject
that is best learned by allowing students to view the methods of
analysis and solution techniques themselves. This approach to
learning the subject matter is similar to that practiced in various
scientific laboratories, particularly in the medical fields.

In using this book, students may review and study the
illustrated problems at their own pace; they are not limited to
the time allowed for explaining problem on the board in class.

When students want to look up a particular type of problem
and solution, they can readily locate it in the book by referring
to the index which has been extensively prepared. It is also

possible to locate a particular type of problem by glancing at
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just the material within the boxed portions. To facilitate rapid
scanning of the problems, each problem has a heavy border
around it. Furthermore, each problem is idenitified with a
number immediately above the problem at the right- hand
margin.

To obtain maximum benefit from the book, students should
familiarize themselves with the section, "How To Use This Book,"
located in the front pages.

Tomeet the objectives of this book, staff members of REA
have selected problems usually encountered in assignments and
examinations, and have solved each problem meticulously to
illustrate the steps which are usually difficult for students to
comprehend. Special gratitude is expressed to them for their
efforts in this area, as well as to the numerous contributors who
devoted brief periods of time to this work.

Gratitude is also expressed to many persons involved in the
difficult task of typing the manuscript with its endless changes,
and to the REA art staff who prepared the numerous detailed
illustrations together with the layout and physical features of the
book.

The difficult task of coordinating the efforts of all persons
was carried out by Carl Fuchs. His conscientious work deserves
much appreciation. He also trained and supervised art and
production personnel in the preparation of the book for printing.

Finally, special thanks are due to Helen Kaufmann for her
unique talents to render those difficult border-line decisions and
constructive suggestions related to the design and organization
of the book.

Max Fogiel,Ph. D.
Program Director
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HOW TO USE THIS BOOK

This book can be an invaluable aid to students in
operations research as a supplement to their textbooks. The
book is subdivided into 13 chapters, each dealing with a
separate topic. The subject matter is developed beginning with
linear, non-linear, integer and dynamic programming and
extending through network analysis, quadratic and separable
programming, inventory control and probabilistic methods. Also
included are topics in transportation problems, scheduling,
production planning, queuing theory, game theory and Markov
chains. An extensive number of applications have been included,

since these appear to be most troublesome to students.

TO LEARN AND UNDERSTAND
A TOPIC THOROUGHLY

1. Refer to your class text and read the section pertaining
to the topic. You should become acquainted with the principles
discussed there. These principles, however, may not be clear to

you at that time.

2. Then locate the topic you are looking for by referring to
the "Table of Contents" in front of this book, "The Operations

Research Problem Solver."

3. Turn to the page where the topic begins and review the
problems under each topic, in the order given. For each topic,
the problems are arranged in order of complexity, from the
simplest to the more difficult. Some problems may appear similar
to others, but each problem has been selected to illustrate a

different point or solution method.

To learn and understand a topic thoroughly and retain its

contents, it will be generally necessary for students to review
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the problems several times. Repeated review is essential in order
to gain experience in recognizing the principles that should” be

applied, and to select the best solution technique.

TO FIND A PARTICULAR PROBLEM

To locate one or more problems related to a particular
subject matter, refer to the index. In using the index, be
certain to note that the numbers given there refer to problem
numbers, not to page numbers. This arrangement of the index is
intended to facilitate finding a problem more rapidly, since. two
or more problems may appear on a page.

If a particular type of problem cannot be found readily, it
is recommended that the student refer to the "Table of Contents"
in the front pages, and then turn to the chapter which is
applicable to the problem being sought. By scanning or glancing
at the material that is boxed, it will generally be possible to find
problems related to the one being sought, without consuming
considerable time. After the problems have been located, the
solutions can be reviewed and studied in detail. For this purpose
of locating problems rapidly, students should acquaint themselves
with the organization of the book as found in the "Table of
Contents."

In preparing for an exam, it is useful to find the topics to
be covered in the exam from the "Table of Contents," and then
review the problems under those topics several times. This
should equip the student with what might be needed for the

exam.
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CHAPTER 1

GRAPHICAL SOLUTIONS
TO LINEAR OPERATIONS
RESEARCH PROBLEMS

o PROBLEM 1-1

Assume you want to decide between alternate ways of
spending an eight-hour day, that is, you want to allo-
cate your resource time. Assume you find it five times
more fun to play ping-pong in the lounge than to work,
but you allso feel that you should work at least three
times as many hours as you play ping-pong. Now the
decision problem is how many hours to play and how many
to work in order to maximize your objective: "fun."

Let
X number of hours spent working, and
Y number of hours spent playing.

You want to maximize your fun, F, where

F = X + 5Y.

Your total time per day is limited to eight hours:

X + Y < 8. (2)

And, finally, you should work at least three times as
long as you play:

(3)
You cannot spend a negative number of hours, hence

X>0,Y>o0.

Solution: Graph the "objective function," Equation 1,
and the "restrictions," Equations 2, 3, 4, on a coor-
dinate plane. The results appear in Fig. 1.

The shaded area is the "infeasible region" that re-
sults from the restrictions, Equations 2 through 4.
The question is to find the "best" solution to the
problem:
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Maximize F = X + 5Y.

For X =Y =0, F = 0, which means that you neither play
nor work, but do nothing. The solution F = 0 is shown
graphically in Fig. 2.
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Since you want to do some work, increase X, which finds
its limit at 8 (Point A), namely, the total number of
hours at your disposal. Hence, F(A) = X + 5Y = 8 + 0.
(See Fig. 3.)

Fig. 4 demonstrates that raising the value of F from
zero to eight corresponds to a parallel translation of
the line F. Also, F can be shifted farther in the same
direction, always passing through some point of the
feasible area, up to Point B.
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Now, B is the intersection of lines

X+Y=28

and
-X + 3Y = 0.

That is,
B=1{X=6, ¥ =2},

so that the objective has assumed its maximum value at

B:
F(B) =6 +5 x 2 = 16.

® PROBLEM 1-2

A small plant makes two types of automobile parts. It
buys castings that are machined, bored, and polished.
The data shown in Table 1 are given.

Castings for Part A cost $2 each; for Part B they cost
$3 each. They sell for $5 and $6, respectively. The
three machines have running costs of $20, $14, and
$17.50 per hour. Assuming that any combination of Parts
A and B can be sold, what product mix maximizes profit?

TABLE 1

Part A Part B

Machining capacity 25 per hour 40 per hour
Boring capacity 28 per hour 35 per hour
Polishing capacity 35 per hour 25 per hour

Solution: The first step is to calculate the profit
per part.  This is done in Table 2. From the results
shown, if on the average x of Part A and y of Part B
per hour is made, the net profit is

Z = 1.20x + 1.40y. (1)

Because there is no meaning for negative x and vy,

x > 0, y > 0. (2)
TABLE 2
Part A Part B
Machining 20/25 = 0.80 20/40 = 0.50
Boring 14/28 = 0.50 14/35 = 0.40
Polishing 17.50/35 = 0.50 17.50/25 = 0.70
Purchase 2.00 3.00
Total cost 3.80 4.60
Sales price 5.00 6.00
Profit 1.20 1.40




x and y cannot be chosen freely, because the capacity
limits have to be taken into account. These yield the
following results:

Machining g% + f% <1
Boring %% + %% <1
Polishing 5z + 95 < 1

Multiply through to clear fractions and obtain:
Machining 40x + 25y < 1000
Boring 35x + 28y < 980 (3)

Polishing 25x + 35y < 875

50 T T T

40x + 25y = 1000

35z + 28y = 980

8
[
]

Fig.

When the equation 40x + 25y = 1000 is plotted, a line
that divides the plane into two regions is obtained
(Figure 1). In the region that includes the origin
40x + 25y < 1000; in the other region 40x + 25y > 1000.
The other two inequalities in (3) divide the plane in
a similar fashion. Thus if one regards the decision
about the values of X and y as selecting a point in a
plane, one sees that the point must lie within or on
the boundaries of the region OABC. Because the line
35x + 28y = 980 lies outside this region, the boring
constraint is redundant. In other words, any com-
bination of x and y that satisfy the machining and
polishing constraints will automatically be within
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the boring capacity.

The point (x,y) for
mum must lie at one
possible maximizing

which profits attain their maxi-
of the corners of OABC. The
values are 0(0,0), A(0,25),

B(16.93,12.90), and
profits are Zo, = 0,

C(25,0). The corresponding

ZA = 35, ZB = 38.39, and Zc

30, so that the best production plan is 16.93 of A

per hour and 12.90 of B per hour. It is not hard to
see why the maximizing point (x,y) must lie at a cor-
ner. Consider the geometric interpretation of equa-
tion 1. If Z is kept fixed (say 2 = 20), then as x
and y vary, (1) must be represented by a line of equal
profit. If one chooses another value of Z (say 2
25), one shall obtain a parallel line further away
from the origin O. As one increases Z, one obtains a
family of parallel lines. Clearly, 2 is maximized

by finding the line of the family furthest from the
origin which has at least one point within or on the
boundary of OABC. Such a line passes through B. Thus,
no matter what boundary figure one draws, the maxi-
mizing line must pass through a corner.

e PROBLEM 1-3

A man operates a pushcart. He sells hotdogs and sodas.
His cart can support 210 lbs. A hotdog weighs 2
ounces; a soda weighs 8 ounces. He knows from expe-
rience that he must have at least 60 sodas and at least
80 hotdogs. He also knows that for every two hotdogs

he needs at least one soda. Given he makes

he sells,
8¢ profit on a hotdog and 4¢ profit on a soda, find
how many sodas and hotdogs he must have in order to
maximize profits.

2y-x=0

)
1

7 : /2y +1/8 x = 210
|

Soda in 100's

>A120,60) |
B T

Y

j ;

T T Ll T
2 4 560 8
Hot dogs in 100's

Solution: This is a linear programming problem. To
solve, make a graph of hotdogs versus soda and find
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the point that gives the maximum profit.
The formula for profit is
$.08 « X + $.04 - Y = profit,

where X is the number of hotdogs and Y is the number of
sodas sold.

Profits are maximized under the following constraints:

(1) 1/2+Y + 1/8+X < 210
(2) Y > 60

(3) X > 80

(4) 2Y - X > 0

The meaning of the constraints is:

(1) A soda weighs 1/2 of a pound, and a hotdog weighs
1/8 of a pound and the maximum weight the cart can sup-
port is 210 pounds.

(2) He must have at least 60 sodas.
(3) He must have at least 80 hotdogs.

(4) He must have at most twice as many hotdogs as
sodas (or in other terms at least half as many sodas as
hotdogs) .

Now put the restraints into a graph, and, according to
the theory of linear programming the maximum profit can
be found on a corner of the region determined by the
constraints.

The shaded region on the above graph is the region
which is determined by the constraints. The corners of

the region are:

A) X = 80 Y = 60
B) X = 120 Y = 60
C) X = 560 Y = 280
D) X = 80 Y = 420

Now find the maximum profit by substituting the points
into the profit formula.

A) $.08:80 + $.04-60 = $8.80

B) $.08+120 + $.04°60 = $12.00

C) $.08+560 + $.04+280 = $56.00
D) $.08-80 + $.04+420 = $18.40



The maximum profit is obtained at point C. He will
take 560 hotdogs and 280 sodas to make the maximum
profit of $56.00.

® PROBLEM 1-4

An automobile manufacturer makes automobiles and trucks
in a factory that is divided into two shops. Shop 1,
which performs the basic assembly operation, must work
5 man-days on each truck but only 2 man-days on each
automobile. Shop 2, which performs finishing opera-
tions, must work 3 man-days on each automobile or truck
that it produces. Because of men and machine limita-
tions Shop 1 has 180 man-days per week available while
Shop 2 has 135 man-days per week. If the manufacturer
makes a profit of $300 on each truck and $200 on each

automobile, how many of each should he produce to maxi-
mize his profit?

()
)
GF M "

Solution: Let x; be the number of trucks and x, the
number of automobiles to be produced per week. Thus:

5%, + 2x2 < 180
3x; + 3x2 < 135.

The objective is to maximize the linear function 300x;
+ 200X, where x; > 0 and x, > 0.

Define the quantities

5 2 180
A = ’ b = and c¢ = (300,200).
3 3 135

Thence this linear programming problem can be stated
as follows.



Maximum problem: Determine the vector x so that the
weekly profit, given by the quantity cx, is a maXimum
subject to the inequality constraints Ax < b and x > 0.
The inequality constraints insure that the weekly num-
ber of available man-hours is not exceeded and that
nonnegative quantities of automobiles and trucks are
produced.

The graph of the convex set of possible x wvectors is
pictured in Figure 1.

The extreme points of the convex set C are

0 36 0 30
T, = y To = r T3 and T, = ( .
0 0 45 15

Test the function cx = 300x, + 200x, at each of these
extreme points. The values taken on are 0, 10800,
9000, and 12000. Thus the maximum weekly profit is
$12,000 and is achieved by producing 30 trucks and 15
automobiles per week.

® PROBLEM 1-5

A company makes desk organizers. The standard model
requires 2 hours of the cutter's and one hour of the
finisher's time. The deluxe model requires 1 hour of
the cutter's time and 2 hours of the finisher's time.,
The cutter has 104 hours of time available for this
work per month, while the finisher has 76 hours of

time available for work. The standard model brings a
profit of $6 per unit, while the deluxe one brings a
profit of $11 per unit. The company, of course, wishes
to make the most profit. Assuming they can sell what-
ever is made, how much of each model should be made

in each month?

Solution: The company wishes to make the most profit
within the given constraints. Graph the constraints
and within the defined region pick the point with the
most profit. The profit is found by the formula:

Profit = $6 X + $§11 Y

where X stands for the number of standard desk organ-
izers and Y stands for the number of deluxe ones.

The constraints for this problem are:

(1) X > 0; there cannot be a negative number of
standard units.

(2) Y > 0; there cannot be a negative number of
deluxe units.

(3) The finisher has only 76 hours of time available.
Since a standard model takes one hour of the finisher's



time, and a deluxe model takes 2 hours of the finisher's
time, the constraint is:

X +2Y < 76.

(4) The cutter has only 104 hours of time available.
A standard unit takes two hours of the cutter's time,
and a deluxe unit takes one hour of the cutter's time,
thus, the constraint is:

2 X + Y < 104.

110 4
100 4

90 J

80 4

70 d

104

Deluxe units

76

\C  (4b,16)

B (52,0)

AR — 1\1 y=20

10 20 30 4O 50 60 70 80
Standard Units

Now these constraints can be graphed to get the region
in which the point of maximum profit can be chosen.

The shaded area of the graph is the area which conforms
to the constraints. Within this region the point with
the maximum profit must be picked. A theorem of linear
programming states that the point of maximum profit oc-
curs at a corner of the region. Thus, one needs onlyto
check the corners and take the point with the most
profit.

A) (0,0) Profit = $6 (0) + $11 (0) = $0

B) (52,0) Profit = $6 (52) + $11 (0) = $312
C) (44,16) Profit = $6 (44) + $11 (16) = $440
D) (0,38) Profit = $6 (0) + $11 (38) = $418.

Note that the point with the largest profit is (44,16)
(Point C). Thus, for the company to make the maximum



profit of $440, it must produce 44 standard units and
16 deluxe ones.

® PROBLEM 1-6

A company wishes to bottle 2 different drinks. It
takes 2 hours to can one gross of drink A, and it takes
1 hour to label the cans. It takes 3 hours to bottle
one gross of drink B, and it takes 4 hours to label

the cans. The company makes a $10 profit on one gross

of drink A and a $20 profit on one gross of drink B.
Given that the bottling department has 20 hours avail-
able, and the labelling department has 15 hours avail-
able, find out how many gross of drink A and drink B
must be packaged in order to maximize the profit.

# of gross
of drink B

x=0

] B (0,39

1 2 3 & s 6 7 8 9 10 11 12 13 14 15
# of gross of drink A

Solution: The company wishes to use their time re-
maining for the most profit. To do this graph the con-
straints and get the area of points one of which will
yield the maximum profit. If X is the number of

gross of drink A and Y is the number of gross of drink
B, then the profit can be found via the formula:

Profit = $10-X + $20-Y.

The constraints in the problem are:
(1) X >0

(2) Y >0

because there cannot be a negative number of gross of
a drink.

(3) The canning department also poses a constraint.
Because each gross of drink A takes 2 hours to can and
each gross of drink B takes 3 hours to can, the number
of hours is 2X + 3Y. But, they only can work 20 hours
or less, thus the constraint is:

2X + 3Y < 20.

10



(4) There is another constraint due to the label-
ling department. Since they have only 15 hours, and
one grocss of drink A takes 1 hour to label and one
gross of drink B takes 4 hours to label, we get the
constraint

X + 4Y < 15.

Now place these constraints on a graph, and the region
defined by them is the region in which the number of
gross of drinks A and B meet the constraints. Then
find the point in that region which yields the maxi-
mum profit.

In the graph, the shaded area is the region described
by the four constraints. According to a theorem of
linear programming, the point of maximum profit must
occur at a corner of the region. It is also true that
the minimum profit will be found on a corner. This

is understandable, since the corners represent the
places with the most or least number of gross cf drinks .
that are produced. Thus, to find the point with the
maximum profit, check the four corner points and take
the corner with the most profit.

A) (0,0) Profit $10(0) + $20(0) = $0

B) (0,3 3/4) Profit $10(0) + $20(3 3/4) = $75

c) (7,2) Profit $10(7) + $20(2) = $110

D) (10,0) Profit $10(10) + $20(0) = $100.

Thus, the point with the most profit is (7,2). The
company must package 7 gross of drink A and 2 gross of
drink B yielding a profit of $110.

® PROBLEM 1-7

A cabinet maker has 12 units of wood and intends to build
two different kinds of bookcases in 36 hours. Model I re-
quires 3 units of wood and 9 hours of labor, while model
I1 requires 2 units of wood and 8 hours. The selling

prices of the models are $150 and $90 respectively. How
many bookcases of each model should the cabinet maker as-
semble in order to maximize his revenue? Construct a
model to depict the situation and solve graphically to get
an optimal solution.

Solution: Let x, be the number of model I bookcases to be
produced and x, the number of model II bookcases to be pro-

duced.
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Then the objective function reads:

z = 150x, + 90x,

The cabinet maker is subjected to several constraints.
First there is a wood constraint. Model I requires 3 units
wood and thus 3x,; units are needed. Model II requires 2x,
units of wood. This yields the first constraint:

3x; + 2x,; £ 12

There is another constraint due to time. The model I book-
cases will require 9x, labor hours while the model II book-
cases 8x; labor hours:

9x, + 8x, < 36

There are two additional constraints. The cabinet maker can
only sell finished units and not parts and therefore

X1,X2 are integers.

Finally the quantities produced cannot be negative, i.e.

Xy > 0, X2 > 0,

3xl+2x2=l2

(0,0) 1 2 3 (4,0) 5 6 X,

Figure 1.
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Fig. 1 depicts this L.P. in graphic form. The feasible region
is the set of integer points within the shaded area. The ob-
jective function for various values of z is given by the
dashed lines. Note that as z increases this line moves up-
wards. The z line that passes through the point (4,0) gives
the maximum. According to the solution, in order to maximize
his revenues the cabinet maker should assemble four model I
bookcases and none of the model II. The maximized revenue

will then be:

ZMax - 150(4) + 90(0) = 600

® PROBLEM 1-8

Solve the following linear programming problem:

Maximize 6L, + 11L,

subject to:
2L, + L,

L, + 2L,

and L, 10, L, >

(0,104)

Fig. 1

N P
% -

(0,0) (26,0) (52,0) (76,0) L

Solution: Since there are only two variables (L; and
L2), the above problem can be portrayed geometrically.

The two constraints, L; > 0 and L, > 0, generate the
first quadrant of the Euclidean plane. The lines,
Ly = 0 and L2 = 0, form the boundaries of this region.

Instead of considering the inequalities directly, we
first find the boundaries of the constraint region.
This is equivalent to graphing the two lines 2L; + L
= 104 and L; + 2L, = 76.

13



The feasible region is the area that simultaneously
satisfies all four constraints. Tn Fig. 1, it is the
darkened region. The feasible region represents pos-
sible solutions to the maximization problem. For ex-
ample, (26,19) is a feasible solution, and when substi-
tuted into the objective function yields a value of

6(26) + 11(19) = 365.

Yet, a better solution is the point (0,38) on the
boundary of the feasible region which yields a value of:

6(0) + 11(38) = 418.

What is required is a method that will reduce the
infinite set of feasible points to a finite number of
points. Any point not on the boundary of the feasible
region is non-optimal, since (1) can increase by in-
creasing one variable while keeping the other constant
and still satisfy the constraints.

#Lz ALZ
>~
P2 N
P1 Ly Ly
> -
Fig. 2 Fig. 3

Continue to do this until a constraint line is met as
in Fig. 2. Thus, the set of optimal points consists

of points on the boundary of the feasible region. Now
consider a point on the boundary. If movement along the
boundary in one direction increases (1), then movement
in the opposite direction decreases (l1). Now keep on
moving in the direction of increasing (1) until another
constraint is met. Thus, the points at which (1) is
locally maximized occur at the intersection of two or
more constraints. Since the number of constraints is
finite the set of such points is finite.

The method for solving the problem is: to first find
the intersection points of pairs of constraints, then
check which points are feasible, and from these basic
feasible points find that point which maximizes the
objective function.

The four constraints are:

L1 = 0 (3)
L =0 (4)
2L) + Lz = 104 (5)
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L1 + 2L, = 76 (6)

Taking these four equations two at a time there are
4 .
(2) or 6 points. For example, the solution to (3) and

(4) is the point (0,0). The solution to (4) and (6) is
(76,0). The point (0,0) is feasible but the point
(76,0) is not. 1In this way we obtain the following
table:

System of equations (L1,Lp) Feasible Points
(3) and (4) (0,0) yes
(3) and (5) (0,104) no
(3) and (6) (0,38) yes
(4) and (5) (52,0) yes
(4) and (6) (76,0) no
(5) and (6) (44,16) yes

Next compute the value of (1) for each of the above
feasible points.

Feasible points f(L1,Lp) = 6Ly + 1lL
(0,0) 0
(0,38) 418
(52,0) 312
(44,16) 440

Thus, the objective function is maximized when L; = 44
and L, = 16. The value of the objective function is

then 440.

e PROBLEM 1-9

In a manufacturing process, the final product has a
requirement that it must weigh exactly 150 pounds. The
two raw materials used are A, with a cost of $4 per
unit and B, with a cost of $8 per unit. At least 14
units of B and no more than 20 units of A must be used.
Each unit of A weighs 5 pounds; each unit of B weighs
10 pounds.

How much of each type of raw material should be used
for each unit of final product to minimize cost?

Solution: The objective function is:
C = 4x,; + 8x,. (1)
The constraints are:
5x; + 10x, = 150

X1 20

| A
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X2 i 14 (2)

X2

X2 = 14

l-X1 =0 5x1+10xp =150
X1 =20 \ Fig. 1

X

Take the graphical approach to this linear programming
problem. The constraints, (2) are graphed in the
figure.

Since the pertinent region lies within 0 < x; < 20,

X2 > 14, and on 5xi1 + 10x» = 150, two solutions can be
immediately found, points a and b where a = (0,15) and
b= (2,14).

Solution 1 Solution 2
Raw material A, (x1) 0 2
Raw material B, (xX2) 15 14
Total cost, 4x; + 8x» 120 120

This is an example of a problem having multiple solu-
tions. In such problems, two or more corner points
have the same optimum value.

e PROBLEM 1-10

A publisher is printing a new book. This book may be
either a hard cover book or a paperback. There is a
$4 profit on each hard cover and $3 profit on each
paperback. It takes 3 minutes to bind a hard covered
book and 2 minutes to bind a paperback. The total

available time for binding is 800 hours. Through ex-
perience the publisher knows that he needs at least
10,000 hard covered editions and not more than 6,000
paperbacks. Find the number of paperbacks and hard
covered editions that must be printed in order to yield
the maximum profit.

Solution: Make a graph of the constraints, and from
the region thus defined take the point yielding the
maximum profit. If X = number of hard covered books
and Y = the number of paperbacks, the formula to find
the profit is:
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Profit = $4X + $3Y.
2,4_x=0

22
20 |

18
16 |

14 ]

12 4 3x + 2y = 48,000

10 4

# of paperbacks in 1,000's

[\C I AN @

v
2 4 6 8 10 12 14 16
# of hard-cover books in 1,000's

To maximize the profits given the following constraints:
(1) The number of minutes to bind a hard cover book
is 3 and the minutes to bind a paperback is 2; since
the total number of minutes available is 48,000; (800
hours x 60 min/hr), we have the constraint:

3X + 2Y < 48,000.

(2) The minimum number of hard covered editions is
10,000, thus the constraint:

X > 10,000.

(3) The maximum number of paperbacks is 6,000, thus
we get the constraint:

Y < 6,000.
(4) The last constraint is:

Y >0
because a negative number of books cannot be published.
Now draw the graph of these constraints, and the region
defined by these constraints is the region from which
the publisher must choose a point in order to publish
the books by his specifications. From this region

find the point which yields the maximum profit.

The shaded area ABCD in the graph denotes the feasible
region. According to a theorem of Linear Programming the
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points which yield the maximum and minimum profits are
on the corners of the feasible region. This seems likely
because the corners represent the points in which the
minimum and maximum number of the books of each type are
produced, meeting the constraints.

A) (10000,6000) Profit = $4(10,000) + $3(6,000)
= $58,000

B) (12000,6000) Profit $4(12,000) + $3(6,000)

= $66,000
C) (16000,0) Profit = $4(16,000) + $3(0)

= $64,000
D) (10000,0) Profit = $4(10,000) + $3(0)

= $40,000
The maximum profit occurs at point B; the maximum profit

of $66,000 will be obtained if the company publishes
6,000 paperbacks and 12,000 hard covered editions.

® PROBLEM 1-11

A boy wants to open a drink stand. His mother says he
cannot sell more than four gallons of drinks. The boy
sells lemonade and a fruit juice. He sells the lemon-
ade for $2 a gallon and the fruit juice for $1.50 a
gallon. The lemonade uses 30 lemon slices per gallon

and one pound of sugar per gallon. The fruit juice
uses 10 lemon slices and two pounds of sugar per gal-
lon. The boy's mother has only 90 lemon slices and 6
pounds of sugar. Find out how many gallons of each
type of beverage the boy should make in order to make
the most money.

Solution: To find the most profitable solution, graph
the boy's constraints, and find a region defined by
these constraints. In this region look for the point
with the most profit. The profit is found by the
formula:

Profit = $2X + $1.50Y

where X is the number of gallons of lemonade and Y is
the number of gallons of fruit juice. The constraints
are:

(1) X > 0 The boy either makes lemonade or not.
(2) Y > 0 The boy either makes fruit juice or not.
(3) The boy's mother only allows him to make 4 or

less gallons. Thus we get the constraint
X+ Y < 4.

(4) The lemonade takes 30 lemon slices, and the
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fruit juice takes 10 lemon slices per gallon. Since
the boy's mother has only 90 lemon slices, we have
the constraint

30X + 10Y < 90.

x =0

9 -

# of gallons of fruit juice

# of gallons of lemonade

(5) The lemonade takes one pound of sugar, while
the fruit juice takes two pounds of sugar per gallon.
Thus, the constraint

X + 2Y < 6.

Now graph these constraints and find the "feasible re-
gion," i.e., the region where the constraints are met.
Within this region look for the point yielding the
maximum profit.

The shaded area on the graph is the "feasible region."
To find the point with the maximum profit, use a
theorem of Linear Programming that states that the
point of maximum profits is an intersection of two of
the constraint lines. Apply the profit formula tc each
of the region's corners, and choose the one giving the
most profit.

A) (0,0) Profit = $2(0) + $1.50(0) = $0

B) (3,0) Profit = $2(3) + $1.50(0) = $6.00
C) (2.5,1.5) Profit = $2(2.5) + $1.50(1.5) = $7.25
D) (2,2) Profit = $2(2) + $1.50(2) = $7.00
E) (0,3) Profit = $2(0) + $1.50(3) = $4.50
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Observe that the maximum profit of $7.25 occurs when
the boy makes, and sells, 2Y% gallons of lemonade,
and 1.5 gallons of fruit juice. (Point C on the graph.)

e PROBLEM 1-12

A company produces two types of mopeds. The low speed
moped is produced at their New Jersey plant which can
only handle 1,000 mopeds per month. The high speed mo-
ped is produced at their Maryland plant which can only
handle 850 mopeds per month. The company has a suf-
ficient supply of parts to build 1,175 low speed mo-

peds or 1,880 high speed mopeds. They also have suf-
ficient labor to build 1,800 low speed mopeds or 1,080
high speed mopeds. A low speed moped yields $100 profit
while a high speed moped yields $125 profit. Find what
combination of high and low speed mopeds should be pro-
duced in order to achieve the maximum profit for one
month.

MF (0,1000) y = 1000

!
L/ I
9 _;;/(250,1000) x
TEET +T1% =1
8 .V// D
(600, 800)
7

# of low speed mopeds in 100's

f//
7080 * 1800 = 1
C (850,383 %)
] x = 850
6 /) (850,0)

_T 1 2 3 4 5 6 7 8 9
# of high speed mopeds in 100°'s

N

Solution: Take the constraints, and graph them, thus
defining a region in which they are satisfied. From
this region then choose the point which yields the max-
imum profits. If we let Y = the low speed mopeds and
X = the high speed mopeds, the profit can be found by
applying the following formula:

Profit = $100Y + $125X.
Now find the constraints.
(1) Y > 0 because low speed mopeds cannot be negative.
(2) X > 0 because high speed mopeds cannot be negative.

(3) ¥ < 1,000 for only 1,000 low speed mopeds can be
accommodated.
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(4) X < 850 for the plants can only accommodate 850
high speed mopeds.

(5) They have sufficient parts for 1,175 low speed mo-
peds, or for 1,880 high speed mopeds. Thus if the
ratios of the number of high and low speed mopeds pro-
duced to the maximum number of each that can be produced
are added together, the result cannot be greater than 1
(because if it were greater than 1, we would be using

more parts than we have ---1 = 100%).
Thus, the constraint:

Y X
1175 ¥ 1,880 < 1

(6) Similarly, since there is labor sufficient for
either 1,800 low speed mopeds or 1,080 high speed mo-
peds, we have the constraint:

Y X
1,880 T I,080 = 1
Now graph these constraints to find the region defined
by them.

The shaded area of the graph is the area which conforms
with the constraints. Now find the point in this re-
gion which gives the maximum profit. By a theorem of
Linear Programming, the maximum profit will occur at a
corner cf the region. Thus, check the corners to find
which one yields the maximum profit.

A) (0,0) Profit = $125(0) + $100(0)
= $0.00
B) (850,0) Profit = $125(850) + $100(0)

= $106,250.00

C) (850,383 1/3) Profit $125(850) + $100(383 1/3)

= $144,583.33
D) (600,800) Profit = $125(600) + $100(800)

= $155,000.00
E) (280,1000) Profit = $125(280) + $100(1,000)

= $135,000.00
F) (0,1000) Profit = $125(0) + $100(1,000)

= $100,000.00

Thus, the maximum profit, following the constraints,
is $155,000 which is attained at point D on the graph.
In order to achieve the maximum profit of $155,000,
the company must produce 800 low speed mopeds and 600
high speed mopeds.
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e PROBLEM 1-13

A marketing manager wishes to maximize the number of
people exposed to the company's advertising. He may
choose television commercials, which reach 20 million
people per commercial, or magazine advertising, which
reaches 10 million people per advertisement. Magazine

advertisements cost $40,000 each while a television ad-
vertisement costs $75,000. The manager has a budget of
$2,000,000 and must buy at least 20 magazine advertise-
ments. How many units of each type of advertising
should be purchased?

50 ¢ (0,50)

ko

LOM+ 75T = 2000

Magazine advertisements

T v 6rﬁ
10 20 26739
Television commercials

Solution: Find the constraints of the problem, and
graph them to find the region defined by them. From
this region pick the point which maximizes the numoer
of people exposed to the advertisements.

Let T stand for the number of television commercials
and M stand for the number of magazine advertisements.

The constraints are:

(1) T > 0 There cannot be a negative number of tele-
vision commercials.

(2) M > 20 There must be at least twenty magazine
advertisements.

(3) This constraint comes from the costs. In thou-
sands the cost of a television commercial is $75 and
the cost of a magazine advertisement is $40. He is
budgeted to $2,000,000, thus the constraint:
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40M + 75T < 2,000.

Now graph these constraints to find the region which is
defined bv them.

The shaded area is the region which is defined by the
constraints. The point which yields the highest number
of people exposed to the advertisement can be found by
a theorem of linear programming which states that the
point must be one of the corners of the region.

A) (0,20) number of people = 20 million X T + 10
million X M = 20 million X 0 + 10 million
X 20 = 200 million.

B) (16,20) number of people = 20 million x 16 + 10

million X 20 = 520 million.

C) (0,50) number of people = 20 million x 0 + 10

million x 50 = 500 million.

Thus, the best thing for the manager to do is have 16
television commercials and 20 magazine advertisements.

e PROBLEM 1-14

Consider the following problem:

Minimize -2x; + 3x2

Subject to -xX1 + 2x2

X2

—
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Empty feasible region.

Solution: Examining Figure 1, it is clear that there
exists no point (x,,x2) satisfying the given inequal-
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ities. The problem is said to be infeasible, incon-
sistent, or with empty feasible region, in this case.

e PROBLEM 1-15

A commercial dairy farmer is interested in feeding his
cattle at minimum cost, subject to meeting some con-
straints. The cattle are fed two feeds: oats and
NK-34, a commercial preparation. The constraints are
that each cow must get at least 400 grams per day of
protein, at least 800 grams per day of carbohydrates,
and no more than 100 grams per day of fat. Oats con-
tain 10 percent protein, 80 percent carbohydrates, and
10 percent fat. NK-34 contains 40 percent protein, 60
percent carbohydrates, and no fat. Oats cost $0.20
per 1000 grams, and NK-34 costs $0.50 per 1000 grams.

Write a linear programming formulation to solve
for the optimal amounts of each type of feed.

Solve the problem graphically.

Check your solution by finding the three corner
points of interest and evaluating the objective

function.
[7,)
=3
C X
o
o 2
(o]
e :
- C¥ AX= .1
c
= (0,1.33)
= : 3
™ L A(1,.75)
% (.31 AX+ by =4
= 8X+ .6Y=.8
£

T L T R Y

0 1 2 3 L
# of oats in 1,000 grams

Solution: If X stands for the amount of oats (in 1000
gram units), and Y stands for the amount of NK-34 (in
1000 gram units), then minimize the cost function:

$.20X + $.50v.
The constraints are the following:

(1) x>0 one cannot feed the cattle negative
(2) ¥ >0 gquantities of oats or NK-34.

(3) .1X < .1 This is because there is 10% fat in
oats, and they must have not more than 100 grams (.1
x 1000) of fat.

(4) Oats are 80% carbohydrates, NK-34 is 60% carbo-
hydrates, and they need at least 800 grams (80% of
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1,000 grams), thus we have the constraint:

.8X + .6Y > .8 .

(5) Oats are 10% protein and NK-34 is 40% protein.
The cattle require at least 400 grams (40% of 1,000)
of protein, giving us the constraint:

JAX + .4Y > .4 .,

Now graph these constraints to find the region described
by them.

The shaded area in the graph is the region defined by
the constraints. The point of minimum cost is known
by the theory of linear programming to lie on a corner
of the region. Thus, check the corners to find the one
with the least cost.

A) (1,.75) Cost = $.20(1) + $.50(.75) = $.575
B) (.31,.92) Cost = $.20(.31) + $.50(.92) = $.522
C) (0,1.33) Cost = $.20(0) + $.50(1.33) = $.67

Thus, the cheapest is point B, .31 kilograms of oats
and .92 kilograms of NK-34.

e PROBLEM 1-16

A businessman needs 5 cabinets, 12 desks, and 18
shelves cleaned out. He has two part-time employees
Sue and Janet. Sue can clean one cabinet, three desks
and three shelves in one day, while Janet can clean

one cabinet, two desks and 6 shelves in one day. Sue
is paid $25 a day, and Janet is paid $22 a day. In
order to minimize the cost, how many days should Sue
and Janet be employed?

S PP
6 <0 (0,6)

# of days Janet works
=
1
la)
~
:.,\

T T T Y ¥
1 2 3 L 5
# of days that Sue works
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Solution: The businessman wishes to minimize the cost
of cleaning out the office. To do this the constraints
must be graphed to find the points which gives the mini-
mum cost. To find the cost use the formula:

Cost = $25 X + $22 Y,

where X is the number of days Sue is employed and Y is
the number of days Janet is employed. Now find the
constraints.

(1) Since Sue can do a cabinet in one day, and Janet
can do a cabinet in one day, and there must be at
least 5 cabinets cleaned, there is the constraint:

X+ Y >5,

(2) Since Sue can do 3 desks in one day, and Janet
can do 2 desks in one day, and 12 desks are required
to be cleaned, there is the constraint:

3% + 2Y > 12.

(3) Similarly, the constraint 3X + 6Y > 18 comes from
Sue being able to clean 3 shelves and Janet being able
to clean 6 shelves in one day.

(4) X > 0 Sue cannot work a negative number of days.
(5) Y > 0 Janet cannot work a negative number of days.

Now graph the constraints to find the region described
by them.

The shaded area is the region described by the con-
straints. Note that this is an infinite region, be-
cause they can work more days than is needed. To

find the minimum point, refer to a theorem of linear
programming which states that the minimum cost must oc-
occur in one of the corners. Check the four corners to
find the one with the least cost.

A) (6,0) $25 (6) + $22 (0) = $150
B) (4,1) $25 (4) + $22 (1) = 122
C) (2,3) $25 (2) + $22 (3) = S$116
D) (0,6) $25 (0) + $22 (6) = $132

The minimum cost is, with Janet working 3 days and Sue
working 2 days, equal tc $116. (Point C on the graph.)

® PROBLEM 1-17

An office is willing to hire up to ten temporary em-
ployees to help with the mail. The office has found
that a male employee can handle 300 letters and 80
packages per day, and a female employee can handle 400
letters and 50 packages in one day. No less than
3,400 letters and no less than 680 packages in a day
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are expected. A male employee receives $25 and a female
employee receives $22 per day. How many male and
female helpers should be hired to keep the payroll at

a minimum?

b
13 4
12 |

11 |} 80x + 50y = 680

10 4

£F v o0 N9 o v
A

# of female employees

[ W
]

300x + 400y = 3,400

[
2

1 2 3 4 5 6 7 8 9 10 11 12
# of male employees

Solution: The office wishes to minimize its expenses
while meeting the constraints. To do this, graph the
constraints, and choose the point with the minimum cost
from the region described. The cost is found by the
formula $25X + $22Y = Cost,

where X is the number of male employees, and Y is the
number of female employees. The constraints are the
following:

() X > 0 There cannot be a negative number of male
employees.

(2) Y > 0 There cannot be a negative number of
female employees.

(3) Since the office will only hire up to ten tempor-
ary employees there is the constraint:

X +Y < 10.
(4) A male employee can handle 300 letters a day,'and
a female employee can handle 400 letters a.day. Since
at least 3,400 letters are expected there 1s the con-

straint:
300X + 400Y > 3,400.
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(3) A male employee can handle 80 packages a day, and
a female employee can handle 50 packages in one day.
Since at least 680 packages are expected there is the
constraint:

80X + 50Y > 680.

Now graph these constraints to find the region which is
defined by them. From this region choose the point with
the least cost.

The region in this problem is only the single point
(6,4). All other points fail to meet at least one of
the constraints. Thus the minimum cost is the cost of

6 male and 4 female employees, amounting to

$25(6) + $22(4) = $238.
® PROBLEM 1-18

The Brown Company has two warehouses and three retail
outlets. Warehouse number one (which will be denoted
by Wi) has a capacity of 12 units; warehouse number

two (W2) holds 8 units. These warehouses must ship the
product to the three outlets, denoted by 0;, O, and
O3. O; requires 8 units. O, requires 7 units, and O3
requires 5 units. Thus, there is a total storage
capacity of 20 units, and also a demand for 20 units.
The question is, which warehouse shcould ship how many
units to which outlet? (The objective being, of course,
to accomplish this at the least possible cost.)

Costs of shipping from either warehouse to any of the
outlets are known and are summarized in the following
table, which also sets forth the warehouse capacities
and the needs of the retail outlets:

0, 02 O3 Capacity
Wieeoioonennnn $3.00 | $5.00 1$3.00 12
Woivoiivannnn, 2.001 7.00 | 1.00 8
Needs (units) 8 7 5

Solution: This seems to be a linear programming prob-

lem with three variables. However, the third variable

can ke computed from the previous two. Let X be the
number of units sent from warehouse 1 to outlet 1.

Since outlet 1 requires only 8 units, there is the con-
straint X < 8. Also,X > 0 because one cannot ship negative
quantities of the product. Let y be the number of units
shipped from warehouse 1, to outlet 2. Similarly,

Oiyi7

is another constraint. Because there are 12 units in
warehouse 1, the number of units sent to outlet 3 is

12 - X - vy.
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Obviously, this must be larger or equal to zero. Thus,
12 - X -y >0 or X +y <12
is a constraint.

The amount of units sent from warehouse 2 to outlet 1
is the original eight less the X that was sent from

warehouse 1, or 8 - X. 1In a similar fashion, find all
of the others.

01 02 O3
Wiieieieoonnns X y 12 -x -y
Woeveouoenonon 8 - x 7 -y x +y-7

Note that the quantities shipped from both warehouses
to Outlet 3 have been determined by simply subtracting
the quantities shipped to Outlets 1 and 2 from the
total capacities of the warehouses.

The following constraints are obtained:

(1) X>0
(2) y>0
(3) X< 8
(4) y <7

(5) X+ y <12

(6) X +y > 7 (from O3 - Wz > 0).

0o 1 2 3 4 5 6 7 8 9 10 11 12
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It is desired to minimize the cost function. It can
be found by multiplying the number of units sent by
their costs.

Cost = 3X + 5y + 3 (12-X-y) + 2(8-X) + 7(7-y)

To minimize this plot the constraints to find the re-
gion that is defined by them.

The shaded region is the area that is defined by the
constraints. From linear programming it is known that
the minimum cost will occur at a corner of this re-
gion. <Check these corners to pick the best point.

A) (8,0) 94 - 8 = $86
B) (7,0) 94 - 7 = $87
c) (0,7) 94 - 0 - (4 * 7) = $66
D) (5,7) 94 - 5 - (4 x 7) = $61
E) (8,4) 94 - 8 - (4 x 4) = §70

Thus the point with the least cost is point D. So for
the lowest cost the shipping schedule should be

o1 02 O3
Wievenooennnn 5 7 0 12
Waiveivnnnans 3

8

® PROBLEM 1-19

Consider the following problem:
Maximize P = 5x; + 8x;

subject
2x, + X, i 14

x1 + 3x2 < 12

X2 < 3

x1 > 0, x2 > 0.

Suppose that an additional constraint on x; and x; is
imposed:
X3 X, < K (3)

where K is some unspecified amount. How does the solu-
tion of (1), (2) and (3) change as K varies from zero
to very large values?
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Fig. 1 Fig. 2

Solution: First graph the problem (1), (2), as in Fig.
1.

Assume the first two constraints represent time used on
machine 1 and machine 2, respectively, to produce units
of products x;, and x,. The third constraint indicates
that not more than three units of product x: can be
sold. Now consider the additional constraint xi1 + X2

< K. This states that the total amount of working
capital used must be less than an unspecified amount,
K. If K = 0 the only solution is that of no production
and x1 = X2 = 0. As K increases to one, the first dol-
lar of working capital is used to produce one unit of
X2 since x2 is the more profitable product. Since each
unit of K spent on x2 produces $8 of profit as K in-
creases, only x2 is produced until the situation in
Fig. 2 is reached.

When K > 3, the market constraint (x; < 3) becomes
binding, and additional units of x, cannot be produced.
Hence, production of x: now begins. Each dollar of
working capital has an incremental value of $5, the
profit associated with selling one unit of x;. Pro-
duction of xi1 continues until the situation in Fig. 3
is reached.

X2
[
P=5x1+8X2 6
2xy +x2 < 1h

b p=5xq+8x
N

2x1 +xp =14

x2 <3 4
¢
X1 +3xp <12

‘-X2= 3

0o .,é 0

Fig. 3 Fig.

In Fig. 3, the constraint on time available on machine
2 also becomes binding, at the point at wihich six units
of K are available. Now, three units of x, and 3 units
of x», are produced for a total profit of $39. Note
that P can still be increased by moving down the x; +
3x2 = 12 constraint. But now each unit of working
capital contributes only $3.50 profit. To see this,
observe that one unit of x2 can be substituted for
three units of x1 yielding an additional profit of
$5(3) - $8(1) = $7. But this substitution requires
three units for the new x1 less one unit for reduced x:.
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Hence the marginal value of K is $7/2 = $3.50. Finally,
the situation portrayed in Fig. 4 is reached. Here
the constraints on both machine times are binding.
Increasing the working capital, K, beyond this point
would have no effect on the solution. This sort of
analysis is useful to a business man who is trying t¢
decide how much working capital to invest in this pro-
duction operation. He would not invest more than s$e.
However, he might invest even less if he had profit-
able alternative uses for his funds. For example, if
he could use the working capital elsewhere to return
him $4 per unit, then he would not invest more than
six units. If he could get a return of $6 per unit,
he would not use more than 3 units.

e PROBLEM 1-20

A certain textile mill finishes cotton cloth obtained
from weaving mills. The mill turns out two styles of
cloth, a lightly printed style and a heavily printed
one. The mill's output during a week is limited only
by the capacity of its equipment for two of the finish-
ing operations--printing and bleaching--and not by
demand considerations. The maximum weekly output of
the printing machinery is 800 thousand yards of cloth
if the light pattern is printed exclusively, 400 thou-
sand yards if the heavy pattern is printed exclusively,
or any combination on the printing line L + 2H = 800
(where L represents light pattern and H heavy pattern).
In a week, the maximum the bleaching equipment can
handle is 500 thousand yards of the light-patterned
cloth exclusively, 550 thousand yards of the heavy-
patterned cloth exclusively, or any combination on the
bleaching line, 1.1 L + H = 550. The mill gained $300
and $290 per thousand yards of the light -- and heavy-
patterned cloths, respectively.

1) Draw the graph of the two lines described above.

2) Solve the linear programming problem of maximizing
the gain from a week's production.

Solution: 1) H
(Thousands
of yards)

Bleaching capacity

500 ¥\ combinations
Loo ,
3 00 .. 2280
R Printing capacity
2 'z.,/ et
183 ; gg&%@ﬁg{ combinations

500 | 700 L (thousands of
200 40O 600 800 yards)

2) Use the graphical approach to solve this linear
programming problem. Utilize the graph above. Looking
at the graph, notice that any combination of L and H
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that falls in the area between the two axes and the
printing line can be printed during a week. Again,
any combination of L and H that falls in the area be-
tween the two axes and the bleaching line can be
bleached in one week.

The rules for solving a linear programming problem
through a graphical approach are:

i) Graph all the constraining inequalities to obtain
a picture of the feasible region.

ii) Solve the corresponding equations to find the
vertices, or corners of the feasible area.

iii) Find the vertex point which yields the maximum

(or minimum) value of the function under consideration.

Thus, the vertices are:
Output (Thousands of Yards)

Light Pattern Heavy Pattern
0 400
250 275
500 0
0 0

The vertices (0,400), (500,0), (0,0) are obtained easily
from the graph. The fourth vertex (250,275) is obtained
from the simultaneous equations:

L + 2H = 800

1.1L + H = 550

From the first equation, L = 800 - 2H. Substituting
this into the second equation yields

1.1(800 - 2H) + H = 550

o 880 - 2.2H + H = 550
- 1.2H = =330
1.2H = 330

H = 330/1.2
H = 275

Thus, L + 2H = 800 becomes L + 2 x 275 = 800, L = 250.
The mill gained $300 and $290 per thousand yards cf the
light- and heavy-patterned cloths, respectively. Thus,
for the four vertices, the gain from the week's produc-
tion is:

at (0,400): $300-0 + $290+400 = $116,000
at (250,275): $300+250 + $290-275 = $155,000
at (500,0): $300+500 + $290-0 = $150,000
at (0,0): $300+0 + $290°0 = $0.

Thus, if the textile mill wants to obtain the highest
possible gain from the week's operations, the combina-
tion 250 light pattern, 275 heavy pattern should be
selected.
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® PROBLEM 1-21

Assume a firm produces certain products and stores them
in warehouses S; and S, situated in two different towns.
The firm receives orders from customers living in three
other towns, D,;, D,, and Dj. (S signifies supply and D
demand.) The unit costs of shipping from each warehouse
to each customer are shown in the table below, as well
as the capacities of the warehouses and the require-
ments of the customers. Thus it costs $4 per unit to
ship from Si1 to Di, $5 per unit to ship from S to Ds,
and so on.

D, Dy Dy Capacity

5 $4 s1 15
S, 51 25

Requirements 10 20 10 (40)

The margins of this table are to be read as follows:
Supply depot 1 has a capacity of 15, supply depot 2 a
capacity of 25, customer 1 has a demand of 10, customer
2 a demand of 20, customer 3 a demand of 10.

The objective is to find a shipping program which meets
all requirements at least cost. Let x represent the
amount shipped from S; to customer 1, and y the amount
shipped from S; to customer 2. Then write all other
amounts shipped in terms of x and y, as follows:

S x y 15—x—y
S2 10 — x 20—y —S5+x+y

Since all amounts shipped must be nonnegatiye, our
problem is subject to the following constraints, one
for each cell in the table above:

X > > X +y 15

x < < x +y 5

(0, 20)

N

D(0, 15)F:

N.C(10, 5)

Fig. 1

o A(S,0) 'mmm

Solution: The total cost of shipping is

C=4x + 1(10 - x) + 2y + 3(20 - y) + 1(15 - x - y)
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+ 5(-5 + x +y) =7x + 3y + 60

The objective is to minimize this function, subject
to the above constraints. The graphical solution to
this problem follows.
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